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In this article we will prove some generalizations and extensions of the Shafer-Fink ([3]) double inequality 
~f\ ' for the arctangent function: 



Theorem 1. For any positive real number x, 



3a; nx 

< arctanx < 



1 + 2V1 + S 2 1 + 2V1 + x 2 

holds. 

H 

Proof. Following the lines of ([!]), we consider the substitution x — tan 9, that gives the following, 
c"! equivalent form of the inequality: 

V0e/ = (0,tt/2), 0(cos0 + 2)-7rsin0<O<0(cos0 + 2)-3sm( 

If now we set 

>,„. . sin0 

/k(0) = (cos0 + 2)-^ — 

in 



O. 2 4£ = (K -0 2 )sin0-X0cos< 

• ■ d0 v y 

^^ ■ Since for any 6 G I we have: 



<l--r <1 , 



tan 3 7r 

fo(0) ed /tt(0) are both non-decreasing on /, in virtue of =£$£■ > 0; moreover, f' K (0) = and /^- cannot 
be zero on /. Since: 

/s(0)=0, / 3 (vr/2)>0, U(0)<0, /»(tt/2) = 0, 

the claim follows. D 



We give now a different proof of this inequality, that relies on the bisection formula for the cotangent 
function and the associated Weierstrass product. 
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From the logarithmic derivative of the Weierstrass product for the sine function wc know that for any 

xe [0,7r/2] 

f(x) = x cot x = 1 - 2 J2 ^Sr ^ 
fe=i 

holds. Since /(x) is an even function, there exists a suitable linear combination gi(x) of /(x) and /(x/2) 

that satisfies: 



ffl (x) = Aof(x) + Atfix/2) = l-J2 C k ] x2k - 
With the choices Aq = — |, Ai = | the previous identity holds, and, for any k > 2: 

so 5i(x) is an increasing and convex function over / = [0,7r/2]. From that, 

/ 1 2 x\ 

Va;€ J, [ --xcotx + -xcot-J e [ 5l (0), 3 i(7r/2)] = [1,tt/3] 

follows. If now we consider the bisection formula for the cotangent function: 



x r 5 

cot — = cot x + v 1 + cot x 



we have a different proof of the Shafer-Fink inequality. 



We consider now g^ (x) as a linear combination of /(x), /(x/2) and /(x/4) such that: 



ff2 (x) = A /(x) + A 1 /(x/2) + A 2 /(x/4) = 1 - y; Cf ) x 2fe . 



fe>3 



From the annihilation of the coefficient of x 2 in the RHS we deduce the constraint Aq + ^i • | + j4 2 • js = 0, 
and from the annihilation of the coefficient of x 4 we deduce the constraint A$ + A\ ■ j* + A^ ■ -^r — 0. If 
we take p 2 (x) = Aq + A\x + A2X 2 , such constraints translate into p2(l/4) = j>2(1/16) = 0, from which: 



'' 2{ ' r] K -^ x ~i) \ x ~ ml 



with K 2 = (1 - 1/4)- 1 • (1 - 1/16)- 1 in order to grant A + Ax + A 2 = P2O-) = 1- 
Since C k — 2k P2(4~ fc ), all the non-zero coefficients of the Taylor series of g 2 (x), < 
first one, have the same sign, so g 2 (x) is a monotonic function over i". In particular: 



y x e /, ^(3 + 8^2) = . 92 (7r/2) < 52 (x) = ^ (/(x) - 20/(x/2) + 64/(x/4)) 

= ^- (cotx - 10cot(x/2) + 16cot(x/4)) < 1, 

from which we get: 

tt(3 + 8%/2) < x (cot x - 10 cot(x/2) + 16 cot(x/4)) < 45. 

By using twice the bisection formula for the cotangent, we have the following strengthening of the Shafer- 
Fink inequality: 
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Theorem 2 


(D'Aurizio). 


For i 


any positive 


real number x 














7r(3 + 872) 


■fix) 


< arctanx < 


45 


■fix) 


holds, 


where: 




m 






X 






7 + 6%/T 


+ z 2 4 


•16^2^1 + 


x 2 - 


f \/l + x 2 



The same approach leads to an arbitrary strengthening of the Shafer-Fink inequality: 

Theorem 3 (D Aurizio). For any positive real number x and for any positive natural number n, 
once defined: 

f(x)=xcotx = l-2j2 C -^ X 2 k 1 
k=i 

Pn{x) = TT , A *~,J =A + A lX + ... + A n x n , 



n n . 

g n (x) = ^ A fc /(2- fc x) = ^E ^F cot(2- fc x), 

fe=0 fc=0 



ej(xi,...,a;fc) = ^OJi 



■ ' x j 

sym 



L (x) = l, L n+1 (x) = £„(x) + ^x 2 + L n {xf 



we have: 



Ki ow ■ a n (x) < arctan(x) < K high ■ a n (x), 
where K iow = mm{g n (fi),g n (-K/2)), K high = max(g n (0),5„(7r/2)) and: 



-i 
»„(•'■) = ' ■ I X)(-l)"~ j • £i(s) ' 2 J • e,(l,4, . . .,4 n - 1 ) 



Moreover, K high - K Xow < i 
Proof. By taking 



Pn(ic) = TT 771 — TT = ^o + An + . . . + A„x™ 



we have p n (l) = 1 and p n (4 J ) = for every j £ [1, n]. In particular, the Taylor series of 

2 k 



,(*) = £ A fc /(2- fc x) =^| cot(2- fe a 

fc=0 fc=0 



is equal to: 

-fc 



fc— 1 fc>n 



x 2fc , 
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and all the Cn with k > n have the same sign, so g n {x) is monotonic over [0, 7r/2], with g n (0) = 1- 
In particular, we have: 

n n 

Vx E [0, tt/2], x • ^(-1)- J cot (|) 2* e,(l, 4, . . . , 4"" 1 ) < ]J(4 fc 1), 

3=0 fc=l 

where e^ is the j'-th elementary symmetric function. Since for any m > n we have |p„(4 _m )| < 1, 



^(tt/2) - s B (0)| < ^ 



C(2fc) „ 1 



< 



4& 4" ' 

k>n 

holds. D 

We give now another upper bound for the arctangent function that does not belong to the last family 
of inequalities, but that strenghtens the inequality arctanx < - — n , x 2 , too. 



Theorem 4. 


For 


any 


positive 


real number x 


irx 






4 

7T 


+ W 1 + x 2 


+ 


x \/l + x 2 


holds. 

















Proof. By using the substitution x = tan#, it is sufficient to prove that for any 9 G / = [0, tt/2] we have: 

tt sin 9 
9 < 



^cos0 + V2 + 2sin0' 
that is also equivalent, up to the change of variable 9 = tt/2 — <j), to the inequality: 



TT TT COS < 

< 



2 r - | sin + 2 cos(</>/2) ' 

or the inequality: 

^^>cos(0/2)(lsin(0/2) + l 

In order to prove the latter it is sufficient to prove: 

cos</> . , ,„, / 20 

> cosO/2) 1 + — 



1 - M " *' ' ' \ 7T 

or: 

cos 6 . , ,„. 

By considering the Weierstrass product for the cosine function we may rewrite the last line in the form: 

±2° / 43,2 \ ±5° 



n i- T^-w >n * 



(2/c + l) 2 7r 2 y - AX ^ (2fe-l) 2 7r 2 7' 
By considering the Taylor series of the logarithm of both sides, we simply have to prove: 
Vm e N , (4 m - l)C(2m) - 4 m - (1 - 4-" l )C(2m) < 0, 
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that is a consequence of: 

4 m + 1 
Vm G No, C(2m) < ^-j, 

implied by: 

VmeNo, (4 m - l)(C(2m) - 1) < 2. 



An upper bound for the LHS is the series: 



i+E 



" " ' 4 



whose value decreases as m increases; so we have: 

'(2k- 

/t — j. 

and the RHS is less than 2 since 7r 2 < 10 holds. □ 



(4™ - l)(C(2m) - 1) < 1 + ^ J^W = 3C(2) - 3, 



Now we make a step back into the general setting of double inequalities for the arctangent function. 

Lemma 1. If f(u), g(u) are a couple of real functions such that, for any u G [0, 1], 

f(u) < arctan u < g(u) 

holds, then: 

2 • / ( *" ) < arctan x < 2 • g 



l + ^l + x 2 J Vl + Vl + a; 2 

holds for any x € M + . 

Proof. In virtue of the angle bisector theorem, 

arctan t = 2 arctan 



1 + vTTi 2 , 

for any t > 0, so if the first inequality holds for any 9 = arctan u in the range [0, 7r/4], the second 
inequality holds for any 9 — arctan a: in the range [0,7r/2]. □ 

The last lemma gives a third way to prove the Shafer-Fink inequality. By direct inspection of the 
Taylor series of arctan " ) it is easy to show that (3 + tt 2 ) arctan " is an increasing function over [0, 1], so: 

3u iru 

< arctan u < 



3 + u 2 ~ ~ 3 + u 2 ' 

and it is sufficient to use the substitution u = - — -§ — j to give another proof of the Shafer-Fink inequality. 

Lemma 2. If an approximation f(u) of the arctangent function satisfies: 

\\f(u) — arctan(u)||a+ = sup \f(u) — arctan(u)| = Coo, 

then 

2 ' / ( --> r ) ~ arctan(w) = 2 • \\f(u) - arctan(tt) || (0 i) = 2 • d 

Vl + Vl + MV R+ 
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and, for any t <E (0, 1), 

= 2 • \\f{u) — arctan(w)|| 



2 • f I ; — arctan(w) 

J \i + VTT^J (0 , t) 

This simple consequence of the previous lemma tell us the fact that any algebraic approximation of 
the arctangent function in a right neighbourhood of zero can be "lifted" to an algebraic approximation 
over the whole K + , through the iteration of the map 

/(«) — ► 2 • / 



l + VTT 



ii- 



For example, if we consider the Lagrange interpolation polynomial for the arctangent function with 
respect to the points (0,tan(7r/8) = \/2— l,tan(7r/4) = 1) 

n x(x — V2 + 1) n x(x — 1) 

p(x) 



4 2-V2 8 ( v / 2-l)(v / 2-2) : 

we have 



||p(i)-arctana;||(o,i) < — , 



so, by considering 2 • p [ 1+ J 1+X i ) ■ 



Theorem 5 

is less than 


. For 

1 

115' 


any 


non 


negative 


real n 
((4 + 


umber x, the absolute 


difference 
V2x) 


between 


arctan(x) 


and 


V2)(l + Vl + a; 2 )- 
8(l + Vl + x 2 )- 



Another way to produce really effective approximation is to use the Chebyshev expansion for the 
arctangent function: 



Lemma 3. The sequence of functions: 

n 

Ux) = 2V l ~ 1J = T 2k+1 (x), 



(-l) fc 

^(2fc + l)(l + >/2) s 



where T^(x) is the k-th Chebyshev polynomial of the first kind, gives a uniform approximation of the 
arctangent function over the interval [0,1]: 

II arctanir. — f n (x)||rn 11 < == ■ 

n jn\ /n[u,ij - n -|- v /2) 2 ™+ 3 

Moreover, 

arctan M = 2g ^^ ( ^^^ j W(*) 

ZioWs /or any a; G (— 1, 1) and for any m S Nq. 
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Theorem 6. 


For any ngNo and for any i£R 

- (— l) k 
arctan x — 4 > = T 2 k+i 


( x \ 


1 

- (3 + 2V2)"' 


\l + Vl + x 2 J 



Still another way is to use the continued fraction representation for the arctangent funtion: 

z 



arctan z = 



1 



7+ oi 2.-,.- 



from which we get a sequence of approximations for arctan x over [0, 1] 



K^x) 



l + x 2 /3' 



K 2 (x) = 



K 3 (x) = 



l + .x 2 /(3 + 4x 2 /5) 



x(15 + 4a: 2 ) 
15 + 9x 2 ' 

5x (21 + llz 2 ) 



1 + x 2 /(3 + 4x 2 /(5 + 9x 2 /7)) 105 + 90a; 2 + 9x 4 



that satisfy: 



so: 



|| arctan a; — i<' n ,(a;)||[o ) i] < 



arctan x — K n 



1 



2 ■ 4" ' 



1 + Vl + x 2 



< 



4«' 



with an error term that is the same achieved by a n (x), defined as in Theorem (|3|). 



By using the Taylor series for the arctangent function with respect to the point x — 1 one has: 



+ OG 

TX ^— \ 

arctan x = > 

4 ^ 

J=0 



(1-x) 



4\ 3 



(1-x) , (1-x) 2 (1-x) 3 



2(4j + 1) 2(4j + 2) 4(4j + 3) 



By plugging in x — 2/3 we have: 



5 — Z^ I 9.0A 



1 1 1 

r> j^\ 324 ) \6(ij + l) 18(4j + 2) 108(4j + 3) 



and by plugging inx = 119/120we have: 



+oo 



1 



1 



1 



1 



1 ^ 

239 ~^V 829440000 7 \240(Aj + 1) ' 28800(4j + 2) ' 6912000(4j + 3) 



The Machin Formula 



■K „ 1 1 

— = 4 arctan — h arctan 

4 5 239 
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give us the possibility to exhibit a good approximation for ir: 



+ Cx^ 



l r\ (_± i l 

- : - E '' 



n 8 f^ Q \ 324 J V3(4j + 1) ' 9(4j + 2) ' 54(4^-5) 

+o ° * l V ( l i 



829440000/ V 60 ( 4 i + 1 ) 7200(4j + 2) 1728000(4j + 3) 



In the same fashion, we have that 



arCtan 2z-l £-4 Az 4 ) \2z(4j+l) 



,_„ •- , v--.,, . 1) 2z2( 4j + 2) 4z 3 (4j + 3) 

holds for any z > 1, and the truncated series gives a better and better approximation as z goes to infinity. 
By a change of variable, the same is true for: 



arctan — = 



7 = £ 



— ' 4 V / 1 2 2 



* ^V ( i+1 )V V(* + l)(4i + l) (t+ 1) 2 (4? + 2) (£+1)3(4.7 + 3) 



and: 



arctan u 



— * Au 4 V ( u 2u 2 2u 3 



E 



,_„ . (u+l)V V(«+l)(4i+l) (« + l) 2 (4j + 2) (u+l) 3 (4j + 3) 



holds for any u G [0, 1]. By taking 

,4 \ 3 



y./ 4u 4 y / u 2 M 2 2m 3 \ 

t^V (« + l)V A(« + l)(4j + l) + (« + l) 2 (4j+2) + ( U + l)3(4j+3)J 



3=0 

we have that: 

, .. f V2u\ 
| arctan u — s n (u)\ < - 

for any u £ [0, 1], with s n being an upper bound for arctan u over [0, 1] for any even n and a lower bound 
for any odd n. If we consider: 

n fl-u\ _n A ( (l-u) 4 Y ( \-u {l-uf (1 - uf \ 

t4U)_ 4 Sn \l + u)-4 f^{ 4 J •U(4 J + l) + 2(4 J + 2) + 4(4,+3)J' 

then t n is a lower/upper bound for the arctangent function over [0, 1] if and only if s„ is a lower/upper 
bound, and: 



| arctan u — t n (u)\ < 



1 — It 



V^ 

holds. Any convex combination of s n and t n is still a lower/upper bound - by taking: 

, u 4n + 4 ■ t n (u) + (1 - u) 4n + 4 ■ s n (u) 

W n(U)~ u 4„+4 + (J _ w )4n+4 

we can perform a reduction of the uniform error, since: 

\w„(u) — arctan u\ < 

1 " v ' i — 20" 
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and the error function goes very fast to zero when u approaches or 1. This gives that 



.1 + \/l + u 2 , 

is an especially good lower/upper bound for the arctangent function when u is close to or much bigger 
than 1, achieving the same uniform error term with respect to the generalized Shafer-Fink inequality or 
the continued fraction expansion. 
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